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Introduction
Let n > 3 and fiel" be a bounded domain with smooth boundary. For 1 < p < co and X > 0, we consider the following problem --up in fi, (1.1) j u s v in fi, ondfi.
This is the stationary problem for the Keller-Segal [11] system which describe the chemotactic aggregation stage of cellular slim molds (see also Schaaf [16] ). Clearly u = A1/^"1' is a solution of (1.1). In general the existence of nonconstant solutions depend on X and p .
For p < (n + 2)/(n -2), problem (1.1) has been discussed by Lin-Ni-Takagi [13] . They showed that there exist positive constants Xo and Xx, with Xq < Xx, such that, for X > Xx, (1.1) admits a nonconstant solution and for X < Xo, (1.1) does not admit any nonconstant solution.
When fi is a ball, Ni [14] has shown that for any p > 1, there exists a Xx > 0, such that, for X > Xx, (1.1) admits a nonconstant radial solution. In Lin-Ni [12] , it has been shown that if p £ (n + 2)/(n -2), there then exists a Xo > 0, such that, for X < X0, (1.1) does not admit any radial nonconstant solution. In view of these results, Lin-Ni [12] Now we analyze (1.1) for the critical case p -(n + 2)/(n -2). Using the variational techniques, Adimurthi-Mancini [2] (see also X. J. Wang [17] ) has shown the existence of a minimal energy solution of (1.1) for every X > 0. Moreover by comparing the energy of these solutions with that of constant solutions, they obtained a constant Xx > 0, such that, for X > Xx, the minimal energy solutions are not constant. From this, it follows that part (a) of the conjecture is true in this case. However it is not clear, for X small, that the minimal energy solutions are constants or not.
When fi is a ball and p = (n + 2)/(n -2), using the shooting argument, it has been shown in Adimurthi-Yadava [3] and Budd-Knaap-Peletier [7] that, if « G {4, 5, 6}, there exists a Xo > 0, such that, for X < Xq, (1.1) admits nonconstant radial solutions. Note that this gives a counterexample to part (b) of the conjecture.
In view of these results, it is natural to ask that part (b) of the conjecture holds at least for minimal energy solutions when p -(n + 2)/(n -2).
In this paper we show that it is indeed true. In order to state our main result, we restate some known results.
Let b > 0 and define
where h(t)ebt is a function of critical growth (see definition (2.1) in [4] ). Let F be its primitive given by In case of (2.8), for every R > 0, we can choose a &o > 0 such that 5(/^, ifcZ?) c fi for k > ko. Let Bk(R) = 50(/î) = B(0, R). In case of (2.9), let Qk G <9fi such that d(Pk, Qk) = d(Pk,dÇï). Let vk be the unit inward normal at Qk . Since 9fi is smooth, it satisfies uniformly the inner sphere condition. Therefore, for every R > 0, we can choose a ko > 0 such that for k>ko. Therefore by elliptic regularity (see [9] ) we have, for every 0 < a < 1, (2.13) Um|v*|cl,a(ra)<co.
Let Ufc -► fo in C'(5o(/?)). Then from (2.12) and (2.13), v0 satisfies
On the other hand, from Claim 1, we have / \Wk\2dy< [ \Vuk\2dx<\\uk\\2^0 Jßk(R) Ja as k -> co. Hence Vi>o = 0. Since Wo(0) = 1 implies that Vo = 1, and this contradicts (2.14) . This proves the Claim 2. Let n = 2. From Claim 1, ||u¿|| -> 0. Therefore from Cherrier [8] we obtain that, for any p > 1 , {\f(uk)\p} is uniformly bounded. Let n > 3, then from Claim 2, it follows again that for any p > 1, {\f(uk)\p} is uniformly bounded.
Hence from the regularity of elliptic equations {HMfclL^in)} *s bounded and therefore by Sobolev imbedding we have for any 0 < a < 1 , 
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This implies that cp = 0 and hence « is a constant. This proves the lemma.
Proof of the Main Theorem. For X > 0, the constant solution Vx of (1.2) is given by (2.21) f(vl)/vx = k.
Since f'(0) = 0, Vx exists and tends to zero as X -> 0. Therefore we can choose px > 0, such that, for all X < px,
,""™ r, ^ f5n/2/4« if « > 3, ("2) Wi{,/2* if-= 2.
Let e = j, /¿o is determined as in Lemma 2.3, and X0 = min(/i0, px). Let X < Xo and ux be a minimal energy solution. Since Jx(ux) < Jx(vx), from (2.22), («a>A) 6 ^Ao,£ and" hence from Lemma 2.3, Ux is constant. This proves the theorem.
